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Elastic Constants for Multilayered
Sandwich Cylinders
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Nomenclature
Brs,Crs,Drs = elastic stiffness constants of shell [Eqs. (19-22)]
Ex

ijEyi
JEXy< = moduli of elasticity of the 2th facing

Gxe1 — shearing modulus of the ith facing
GX2

i
)Gzei = shearing modulus of the ith core

hi = thickness of the ith core
KrJ = elastic constant of the ith facing or core [Eq.

(10)]
m,n = number of facings and cores, respectively
MX)My,Mxy = moment resultants of shell
Nx,Ny,Nxy,

Qx,Qy = force resultants of shell
q = transverse distributed load
R = shell reference surface radius
ri — distance between reference surface and the

middle of the ith facing
u,v,w = displacements in the x, 0, and z directions,

respectively
x,6,z = shell coordinates
@x,0y = shell curvatures
ffix^iBfO-ixe — stresses in the ith facing
&izx,<rizQ — transverse shearing stresses in the ith core
vxQi

ivQX
i — Poisson's ratios of the ith facing.

Introduction

MULTILAYER sandwich construction gained prominence
in recent years for its use in space and atmospheric

vehicles. The present analysis supplements earlier multi-
layer sandwich structure studies1"3 in that it includes curved
surfaces and assumes orthotropic properties in both facings
and cores. The results of the investigation are presented in
a form such that the shell elastic constants are of prime in-
terest. The availability of the shell constants will allow
existing solutions to be extended to include multilayer sand-
wich shells by a simple reidentification of the shell physical
constants.

Figure 1 shows a section of a cylinder surface which consists
of n facings and m cores. The facing and core thicknesses are
denoted by k(i = 1,2,3 . . . , n) and hi(i — 1,2,3 . . . , m), re-
spectively. The facing and core materials are assumed to be
orthotropic. Each layer (cores and facings) may possess
different thicknesses and/or elastic properties.

Analysis
Following DonnelFs approximation,4 the equilibrium of

moments and forces acting on a differential shell element will
yield the equations

Nx,x + Ne*,e/R = 0 (la)

Nxe,x + Ne,e/R = 0 (Ib)

Mx,x + Mex,e/R - Qx = 0 (Ic)

MX6,X + Me,e/R - Q0 = 0 (Id)

-<?*,* + Qe,e/R ~ Ne/R + Nxw,xx + New,ee/R2 +
2NxeW,xe/R + q = 0 (le)

where comma denotes partial differentiation with respect to
the following subscript.
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Fig. 1 Multilayer
sandwich cylindrical

shell element.

The stress resultants of the multilayered sandwich shell
are defined-as follows1"3:

[Mx;Me;Mxe] = £ t<ri[<rix;<ne',<nxe] (2a,b,c)
t = i

[#.;#,;#„]

[Q.jQ.1 = » = i

(3a,b,c)

(4a,b)

Following the procedure as given in Refs. 1-3, the stresses
in the ith layer are obtained and are given by

fix = Kuf(ripXtX + u,x)

(TV = K12(npXtX + u,x)
<rix9 =

^(rifte.e + v,e + w)/fi (5)

Kw(riPe,e + v,e + w)/R (6)

x)/R + v,x + u,g/R] (7)

3, + t»,,) (8)
(«.,«, + t»)/fi] (9)

where

(10)

Substitution of Eqs. (5-9) into Eqs. (la-e) yields

Mx = Dxx(pXtX + vrfoj/R) + Cxx[u,x + vz(v,e + w)/R]
(11)

Me = Dee(f3e.e/R + vspx,x) + Cee[(v,e + w)/R + v&,,]
(12)

M,e = Dxe(Pe.x + P*,o/K) + CxQ(v,x + u,e/R) (13)

Nx = Bxx[u,x + v,(v,e + w)/R] + Cxx(/3x,x + v^e,e/R)
(14)

Ne = BM[(v,9 + w)/R + v6u,x] + Cee(Pe,0/R + v&x,x) (15)

N* = Bxd(v,x + u,e/E) + Ctftfe.* + P*.e/R) (16)
Qx = DZX(/3X + w}X) (17)

Qe = De,[pe + (v + w,e)/R] (18)
where the elastic constants, Eih dj} Di3 and the modified
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Poisson's ratios Vi appearing in Eqs. (11-18) are given by

[Bxx
mjBee'jBx0]

[Dnpe.]

= T>TX s,tiTt
i = i

Z-/
i = 1

"3

1 »

C"?

1 A

(19)

(20)

(21)

(22)

(23)

Bxx £±i * ' Bee /^

Equations (19, 21, and 22) give the multilayer sandwich
shell stiffness in bending, extension, and shear, respectively.
Equation (20) defines the coupling stiffnesses of the shell.
Equation (22) gives the transverse shearing stiffnesses;
and Eq. (23) defines the modified Poisson's ratio of the shell.
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Boundary-Layer Induced Pressures
on a Flat Plate in Unsteady

Hypersonic Flight
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Introduction

IN this Note a procedure is developed for the calculation of
hypersonic viscous interaction pressures for unsteady

flows, valid for weak interactions. This procedure is based
on an extension of the idea underlying the tangent wedge
approximation which is generally accepted for the calculation
of interaction pressures in steady flows. Examples are then
worked out, using this method, to illustrate the unsteady
features of the interaction pressures. The simple, yet non-
trivial, flow configuration of a semi-infinite flat plate moving
in its own plane with various situations of motion unsteadi-
ness is chosen to demonstrate the idea, and use is made of
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the available solutions for such unsteady boundary-layer
flows without interactions. Results are reported for the first
approximation of weak interaction pressures for the unsteady
situations considered. For this class of flow geometry it is
obvious that the effects of flow unsteadiness on the aero-
dynamic forces do not appear in an inviscid analysis. It is
believed that the present study is useful for the determination
of various aerodynamic forces on hypersonic vehicles in un-
steady flight, and that the results reported here are new.
Many details of the analysis and calculations are omitted in
this Note but appear in Ref. 1.

Analysis

Let the displacement surface of an unsteady boundary
layer with no interaction be denoted by

F(x,y,t)=y-.&(x,£) = 0 (1)

where the rectangular Cartesian coordinate system (x,y) is
fixed with respect to the plate, with its origin at the leading
edge of the plate. The plate is moving with a continuously
varying (otherwise arbitrary) velocity, U(t), in the negative
x direction. Then the first approximation of the weak inter-
action pressure on such a plate is just the pressure on the
two-dimensional unsteady surface y = A (#,£)> which moves
in the negative x direction at a hypersonic Mach number,
M(t) = U(t)/am ^> 1, flco being the ambient sound speed.

To proceed, we shall first indicate how the "weak" form
of the tangent wedge approximation used in Ref. 2 to calcu-
late weak interaction pressures for steady flows can be ex-
tended and employed for the present unsteady flows.

We note that the tangent wedge formula in its normal form
corresponds to the leading approximation to the exact solu-
tion of supersonic wedge flow in the limit of Ob —* 0, Mm —>
oo with Kb SE= Mcoft, fixed, where Bb is to be taken as the local
body inclination angle with the freestream and Mm is the
freestream Mach number, U/am. The surface pressure thus
obtained is the same as that on a one-dimensional piston
pushing into still air with a velocity equal to U6b, the ap-
proximate normal velocity of the surface at the local point
under consideration. The weak form of the tangent wedge
approximation, which corresponds to the limit ft —> 0, Mm
-> oo with Kb -> 0, is thus equivalent to the further approx-
imation of low piston Mach number, i.e., /7ft/aOT « 1, in the
one-dimensional piston problem.

By relating the results of tangent wedge approximation to
those of the one-dimensional piston problem as in the afore-
mentioned, the idea of the tangent wedge approximation can
be easily extended to unsteady flows by simply regarding the
surface element as a piston moving with a time dependent
speed equal to the normal velocity of the unsteadily moving
surface at the particular point concerned. In particular,
the first approximation of the surface pressure for unsteady,
weak interactions can thus be taken to be the acoustic pres-
sure on a piston moving at a variable, but low, speed.

It may be worth mentioning here that, by following this
reasoning, it is possible to extend the "strong" form of the
tangent wedge approximation used in Ref. 2 to calculate the
steady strong interaction pressures to handle the unsteady
strong interaction problems. Here we have the situation
of Kb » 1, which corresponds to the case of a piston pushing
with a very high (time dependent) Mach number into air at
rest. Then the so called "snowplow theory," for example,
might be one of the possibilities for providing a relationship

Table 1 Values of fe, fc0, and fci

Insulated Isothermal

0.56
2.83
5.10

0.14
-0.23

0.33


